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Train sudden deceleration (braking) that causes sliding in wheels could impact the design of rail compo-
nents, supports, bearings, and bridge substructure. Despite the availability of research on the vehicle–
bridge interaction (VBI) analysis of vehicles with constant velocity, few studies have investigated the
effect of vehicle longitudinal acceleration on VBI and more research is required. In this study, the effect
of vehicle horizontal acceleration is incorporated into an available numerical procedure developed for VBI
analysis of vehicles with constant velocity, and a modified numerical element is proposed. The effect of
acceleration is considered as external loads acting on each part of the vehicle masses. Using suitable
transformation matrices and defining a new parameter called acceleration parameter, the vertical contact
forces are reformulated. Subsequently, a new formulation for a VBI element containing the effect of vehi-
cle acceleration is obtained. VBI elements are those bridge elements in contact with wheels of moving
vehicle. Numerical results are presented to evaluate the importance of the proposed VBI element, and
to investigate the vehicle and the bridge responses. Considerable effect was observed on vehicle vertical
contact forces, vehicle vertical acceleration, and somewhat on midspan deflection. Minor effect was
observed on bridge midspan acceleration, for which the effect of vehicle initial velocity is prominent,
not the vehicle acceleration.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

There has been a growing interest to model and analyze vehi-
cle–bridge interaction (VBI) of intricate vehicles on bridges. VBI
analysis is used if the dynamic response of the vehicle is required
in addition to that of the bridge [1]. This is particularly found in
case of high-speed trains where the vehicle acceleration is a design
criterion for passenger comfort and needs to be well predicted. Fol-
lowing the growth in the use of high speed trains in Japan, China,
and Europe, the past two decades witnessed more research activi-
ties in this area. Even though there is only one high-speed route
currently in North America (Amtrak’s Acela Express that runs on
the Northeast Corridor from Boston to Washington, DC), there
are several projected high-speed constructions in USA commenc-
ing 2012. For Canada, implementing new routes has been under
discussion for a while in order to connect Edmonton to Calgary,
and also to have another route from Windsor to Quebec City.

Majority of the research on the VBI analysis addresses vehicles
moving with constant speed [2–4]. For VBI analysis, two sets of
coupled equations of motion, one for the vehicle and one for the
bridge should be solved. In very basic and simple cases, where
the moving load or moving mass models are considered together
with basic beam models, closed-form solutions are available in lit-
erature [5,6]. For more complex vehicle models, numerical direct
integration methods were adopted such as Newmark-b method
[7], and a method [8]. In addition, modal superposition method
has been extensively used [2,9,10]. Moreover, the Fourier transfor-
mation method has also been used [11]. In the vehicle–bridge
interaction analysis that are based on the time history analysis,
most of the methods used are iterative incremental analyses [2–
4,11] where a convergence criterion is verified in each time
increment.

Several researchers studied the response of bridges subjected to
vehicles moving with constant speed. Yang and Wu [12] intro-
duced a procedure to study the vehicle–bridge interaction which
requires no iteration in each time increment using the Newmark-
b unconditionally stable method [13]. They utilized the concept
of dynamic condensation to modify the mass, damping, and stiff-
ness matrices of those bridge elements in contact at each time
increment. The bridge elements in contact are called VBI elements.
The vertical contact force at the end of the time step was formu-
lated based on the vehicle equations of motion. Building on the for-
mulation for contact force developed by Yang and Wu [12], Azimi
et al. [14] applied a relationship between bridge and wheel
displacement vectors and their derivatives to obtain a new VBI
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Fig. 1. A generic vehicle model of 4-DOF.
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element that considers the effects of shear deformation. The latter
two methods will be used in the current study to develop a new
VBI element that accounts for the effect of vehicle horizontal
acceleration.

Unlike the wide range of available methods for the analysis of
vehicle–bridge dynamic interaction for vehicles with constant
velocity, few studies have investigated the effect of vehicle hori-
zontal acceleration on the response of the vehicle and its interac-
tion with the bridge. Among those, more studies dealt with
highway bridges [15,16], and few were concerned with railway
bridges [12]. The interaction of a three-axle truck model with the
bridge having a non-uniform cross-section was studied [15], com-
prising the vehicle acceleration and the effect of road roughness. Ju
and Lin [16] presented a finite element model of vehicle–bridge
interaction considering braking and acceleration. Their method
needs iteration in each time increment and they assumed constant
horizontal acceleration for their formulation. Yang and Wu [12]
modeled horizontal contact forces using friction coefficients multi-
plied by vertical contact forces. However, they used the same ver-
tical contact forces formulated based on vehicles with constant
velocity.

Nevertheless, the case of a vehicle with sudden braking with
sliding has not been explicitly investigated. The vehicle accelera-
tion during traction (when vehicle starts moving) is usually small
since the driver slowly increases the speed in most cases. On the
other hand, for sudden braking, the vehicle deceleration can be
considerable and may affect the vehicle and bridge responses sig-
nificantly. Although, sudden deceleration is to be avoided during
the train movement, it is inevitable and can be applied by the dri-
ver or the passengers. Extreme braking situations can alter the con-
tact forces significantly, that may affect the design of fasteners,
supports, bearings, and bridge substructure such as piers.

In this paper, a modified two-dimensional VBI element is devel-
oped for vehicles experiencing sudden deceleration with sliding
which is an extension to the models developed by Yang and Wu
[12] and Azimi et al. [14]. In the current study, the analysis type
used for the VBI problem is the non-iterative numerical time his-
tory analysis with suitable time increments. The developed VBI
element incorporates the effect of the horizontal inertial forces
on the response of the vehicle and the bridge. These forces will
change the vertical contact forces due to a pitching moment. Ver-
tical contact forces are reformulated by defining transformation
matrices, a geometry matrix and a dimensionless equilibrium ma-
trix. Then, a new parameter named as acceleration parameter is de-
fined assisting the formulation in a practical and concise form. This
parameter is calculated at the beginning of the analysis and is con-
stant throughout the analysis, which makes it convenient for
numerical programming. The new formulation for the vertical con-
tact forces, and also the effect of horizontal contact forces, will re-
sult in a new VBI element capable of modeling and analyzing
intricate vehicle models and bridges.

Vehicle models excluding horizontal DOFs are used for develop-
ing the VBI element. This type of vehicle modeling is more com-
mon and was used by majority of researchers [2,3,13,17,18],
Nevertheless, models including horizontal DOFs were also used
by few researchers [16]. Consequently, the current paper will focus
only on models excluding horizontal spring-dampers; nonetheless,
it can be simply adjusted for vehicle models including horizontal
DOFs.

A numerical model is used to validate the proposed VBI element
and also to verify a module written in MATLAB� [19] developed for
executing the time-history dynamic analysis. A 4-DOF vehicle
model is applied to compare the results of the new VBI element
with published ones in the literature. In addition, a high-speed
train model of 10-DOF is considered to study the effect of horizon-
tal deceleration on the train and also bridge responses. Various
important bridge and vehicle responses are considered in the anal-
ysis. The first response is the midspan deflection as the main
parameter used in the bridge design manuals (e.g. AREMA [20])
to calculate the dynamic amplification factor. Another important
response is the bridge midspan acceleration essential in the design
of railway bridges for high-speed trains. The other important re-
sponses are the vehicle vertical acceleration governing the passen-
ger comfort in high-speed trains, and vertical contact forces
affecting wheel and road surface wearing. In this paper, the sus-
pension system is modeled with linear properties. Despite the
application of nonlinear suspension [9], linear suspension is com-
monly applied in most VBI analysis studies, for train models in
particular.
2. Formulation of acceleration forces

In the development of the VBI element, the effect of vehicle hor-
izontal deceleration should be included in contact forces. Hence,
inertial forces generated by vehicle horizontal acceleration need
to be formulated appropriately. The term acceleration forces is used
here to distinguish those inertial forces generated by horizontal
vehicle acceleration in the considered DOFs of the vehicle model.
These forces are treated as external forces and can be added to
the regular vector of external forces. A procedure is described here
to formulate such forces based on vertical contact forces. This is a
key step in the formulation of contact forces for the new VBI ele-
ment. The procedure is first described for an example vehicle and
will be later generalized for a general vehicle model.

An example vehicle model is shown in Fig. 1 formed of two
wheels, and one car body. r1 to r4 denote vehicle DOFs. They all rep-
resent vertical DOFs except r2 denoting pitching DOF of the car
body in the direction shown. The suspension system consists of lin-
ear spring-dampers (kvi and cvi, i = 1, 2) with the vehicle body mass
mc, the rotary inertia Ic, and the mass of wheels mw1 and mw2. The
vehicle velocity is denoted as v and the vehicle acceleration as a in
the positive direction. They will have negative values in the reverse
direction. Moreover, d1 and d2 are the spacing of the center of grav-
ity of wheels with respect to that for the car body.

The free body diagrams of dynamic forces for the car body and
one wheel are shown in Fig. 2 where SPw are the spring-damper
forces, Fw are the internal horizontal forces, Vi are the total vertical
contact forces, V 0i are the dynamic vertical contact forces, and l is
the kinetic friction coefficient in case of braking with sliding (or
friction coefficient in case of traction from rest with sliding). TE is
the torque applied by the engine exerted on the wheel axle.

In this study, matrices and vectors will be represented by quan-
tities enclosed by [ ] and {}, respectively. The symbol h i stands for
row vectors, i.e. {} = h iT. In the formulation of VBI element, it is as-
sumed that the vehicle has reached its static equilibrium at rest be-
fore starting the movement which is valid for all conventional
vehicles. Therefore, vehicle self-weight and associated static
deflections are not considered in the dynamic analysis of the vehi-
cle. The vertical contact force V 0i is used excluding the effect of the
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Fig. 3. Flowchart for formulation of acceleration forces.
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vehicle self-weight. However, for the bridge analysis and also for
calculation of the horizontal contact forces generated by friction,
the total vertical contact force denoted as Vi has to be used. The ef-
fect of the vehicle self-weight is treated as external loads acting at
the contact points remaining constant throughout the analysis.
Equilibrium for wheels implies that:

liV i �mwiaþ Fwi ¼ 0 i ¼ 1;2 ð1aÞ

V 01 þ SPw1 �mw1€r3 ¼ 0; V 02 þ SPw2 �mw2€r4 ¼ 0 ð1bÞ

and for the car body,

Fw1 þ Fw2 �mca ¼ 0 ð2aÞ
SPw1 þ SPw2 þmc€r1 ¼ 0 ð2bÞ
Ic€r2 þ SPw2d2 � SPw1d1 ¼ �ðFw1 þ Fw2Þh1 ð2cÞ

where a is the vehicle acceleration. Knowing that Eqs. (1b), (2b), and
(2c) are those for the assumed DOFs, they comprise the equations of
motion for the vehicle. Comparing those three equations with the
case with no horizontal acceleration, only one new term is present
which is – (Fw1 + Fw2)h1 in Eq. (2c) representing an extra pitching
moment on the car body. Hence, the vector of acceleration forces
fa defined as forces exerted on vehicle dynamic DOFs due to hori-
zontal vehicle acceleration is written,

fa ¼ h0;�ðFw1 þ Fw2Þh1;0; 0iT ð3Þ

Then, the vector of acceleration forces fa can be decomposed
into two parts as:

fa ¼ UF ð4Þ

where U is named as geometry matrix and for this example is ob-
tained as:

U ¼

0 0
�h1 �h1

0 0
0 0

2
6664

3
7775 ð5Þ

and F is the vector of internal horizontal forces, F = hFw1, Fw2iT. To
determine F, Eq. (1a) is used where Fwi (i = 1, 2) are based on vertical
contact forces V and vehicle acceleration a. Since there are no hor-
izontal dynamic DOFs, all parts of the vehicle move equally in the
horizontal (longitudinal) direction with the same velocity and
acceleration due to vehicle sliding. Hence, the vehicle horizontal
acceleration a can be calculated based on the horizontal contact
forces and total vehicle masses as:

a ¼
Pn

i¼1liV i

Mt
ð6Þ

where Mt is the vehicle total mass and n is the number of wheels.
Assuming that li are known (sudden braking with sliding), horizon-
tal internal forces Fwi are determined only as function of vertical
contact forces according to Eq. (1a). In the case of vehicle braking,
li are substituted with negative values in the developed numerical
element. Using Eq. (1a) together with Eq. (6), vector F is formulated
as F = Xlfc where X is defined as dimensionless matrix of
equilibrium,
X ¼
1� mw1

Mt
�mw1

Mt

�mw2
Mt

1� mw2
Mt

" #
ð7Þ
and fc is the vector of vertical contact forces and also l is a 2 � 2
diagonal matrix of the corresponding kinematic friction coefficients
between each wheel and the bridge surface. Finally, the vector of
acceleration forces fa is obtained as a function of vertical contact
forces fc,
fa ¼ UXlfc ð8Þ
where the matrices U, X, and l are calculated for any vehicle mod-
el and are known throughout the analysis. The vector of accelera-
tion forces can be written as fa = hfua, fwaiT, where fwa is due to
wheel DOFs and fua is pertinent to the upper (or vehicle body) DOFs.
Similarly, the geometry matrix U can be decomposed into the
counterparts Uw and Uu corresponding to wheel and upper DOFs,
respectively. The procedure described for the example vehicle can
be further generalized. Fig. 3 shows a flowchart for the formulation
of acceleration forces fwa and fua of a general vehicle. In Fig. 3, sub-
script n denotes the number of wheels, m represents the number of
DOFs of upper part of the vehicle model, s is the total number of
vehicle DOFs (i.e. s = n + m), and k is the number of internal horizon-
tal forces.
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3. Formulation of vertical contact forces

As stated in the preceding section, the effect of horizontal accel-
eration can be treated as external forces. Therefore, the equation of
motion including the effect of acceleration is written by adding a
new term to the external forces of the equation of motion of vehi-
cles with constant velocity available in literature [12] as follows:

muu muw

mwu mww

� � €du

€dw

( )
tþDt

þ
cuu cuw

cwu cww

� � _du

_dw

( )
tþDt

þ
kuu kuw

kwu kww

� �
du

dw

� �
tþDt

¼
fue

fwe

� �
tþDt

þ
lu

lw

� �
fc;tþDt þ

fua

fwa

� �
tþDt

ð9Þ

where the last term hfua; fwaiTtþDt represents the effect of vehicle hor-
izontal acceleration. Eq. (9) is the equation of motion for two sets of
vehicle DOFs, the upper part or non-contact part du, and the wheel
DOFs dw. The subscript t + Dt represents the end of the time step t
with the time increment Dt. The matrices of mass, damping, and
stiffness are divided into four sub-matrices. Other external forces
are those on upper part DOFs fue and wheel DOFs fwe. Vertical con-
tact forces are also represented with the vector fc,t+Dt. Matrices lu

and lw transform the contact forces from contact points to the vehi-
cle DOFs. Apparently, lu is a zero matrix, since the contact forces are
only acting on wheels and lw is a unit matrix for 2-D models.

Then, Eq. (9) is expanded through a similar procedure available
in literature [12], and the effect of acceleration forces fua,t+Dt and
fwa,t+Dt is included in the following:

�pc;tþDt ¼ l�1
w ðWwuW

�1
uu ðfue;tþDt þ fua;tþDtÞ � ðfwe;tþDt þ fwa;tþDtÞÞ ð10Þ

which is called the vector of external forces and can be rearranged
as:

�pc;tþDt ¼ pc;tþDt þ l�1
w ðWwuW

�1
uu fua;tþDt � fwa;tþDtÞ ð11Þ

where pc,t+Dt includes the effect of external forces fue,t+Dt and fwe,t+Dt.
In addition, Wwu and Wuu are constant matrices determined based
on the vehicle mass, damping and stiffness matrices and factors of
Newmark-b method and also time increment assumed, which are
given elsewhere [12]. Moreover, Wwu and Wuu are n �m and
m �m matrices, where n denotes the number of wheels and m rep-
resents the number of DOFs of upper part of the vehicle model.

The acceleration forces fua,t+Dt and fwa,t+Dt in Eq. (11) are substi-
tuted with outputs of the flowchart illustrated in Fig. 3,

�pc;tþDt ¼ pc;tþDt þ l�1
w ðWwuW

�1
uu Uu �UwÞXlfc;tþDt ð12Þ

Using �pc;tþDt , the contact force formula for vehicles with constant
velocity [12] is modified as follows for vehicles experiencing
acceleration:

fc;tþDt ¼mc
€dc;tþDt þ cc

_dc;tþDt þ kcdc;tþDt þ �pc;tþDt þ qc;t ð13Þ

where dc,t+Dt is the vector of contact point displacement, and mc, cc,
and kc are called contact matrices which are constant [12]. Eq. (13)
is modified as following applying Eq. (12),

ðI� l�1
w ðWwuW

�1
uu Uu �UwÞXlÞfc;tþDt

¼mc
€dc;tþDt þ cc

_dc;tþDt þ kcdc;tþDt þ pc;tþDt þ qc;t ð14Þ

where I is the unit matrix. For simplicity, let an acceleration param-
eter [z] be defined as:

z ¼ ðI� l�1
w ðWwuW

�1
uu Uu �UwÞXlÞ�1 ð15Þ

All terms in Eq. (15) are time-independent. Finally, the contact
forces {fc}t+Dt are obtained as
fc;tþDt ¼ m̂c
€dc;tþDt þ ĉc

_dc;tþDt þ k̂cdc;tþDt þ p̂c;tþDt þ q̂c;t ð16Þ

where matrices with hat-sign are in their transformed form of the
corresponding matrices and vectors shown in Eq. (13), each pre-
multiplied by the acceleration parameter z (e.g. m̂c ¼ zmc). Eq.
(16) is the new formulation of vertical contact forces including
the effect of vehicle horizontal acceleration.

The acceleration parameter z is an n � n matrix where n denotes
the number of wheels. This parameter is constant throughout the
analysis and is calculated only at the beginning of the analysis. It
represents the initial redistribution of vertical contact forces once
the horizontal deceleration is applied. This is clear in Eq. (14),
where z is pre-multiplied by the right-hand-side of that equation
which is the formula for vertical contact forces when no horizontal
acceleration is present. The matrix z is not a diagonal matrix,
implying that the new values of vertical contact forces of each
wheel after the redistribution are affected by other contact forces,
as well. However, calculations showed that the effect is usually
small. Another property of z is that its determinant is equal to
one, which could be attributed to the fact that it represents only
the redistribution of vertical contact forces while the summation
of total contact forces remains the same. In addition, it should be
noted that prior to the application of horizontal acceleration, z is
equal to a unit matrix. From numerical point of view, it is as if
l = 0 in Eq. (15).

4. A VBI element for vehicles experiencing sudden braking

For the case of vehicles with constant velocity, the equilibrium
is satisfied via driving horizontal forces and vertical contact forces
that transfer the vehicle weights to the bridge. On the other hand,
if the vehicle experiences acceleration or deceleration, additional
horizontal contact forces will be present at the contact points.
However, in the finite element formulation, having structural
matrices (i.e. mass, damping, and stiffness) of the bridge, it is re-
quired to find the nodal forces induced by those contact forces
shown in Fig. 4 to be able to solve the bridge’s equations of motion.
The consistent nodal forces fbcj, j = 1–6, shown in Fig. 4 can be deter-
mined from contact forces by using interpolation functions Nv

c and
Nh

c as follows [21]:

fbc ¼ VNv
c þ HNh

c ð17Þ

The interpolation vector Nv
c can be calculated by Hermitian cu-

bic polynomials, while Nh
c is usually considered as a linear function.

All the entries in Nv
c are set to zero except those regarding vertical

DOFs. This ensures that there would be only vertical resultant no-
dal forces from vertical contact forces V. Similarly, all entries of the
vector Nh

c are set to zero except those due to horizontal DOFs in or-
der to relate horizontal contact force H to horizontal nodal forces
fbc2 and fbc5. The interpolation functions Nv

c and Nh
c are calculated

based on the location of the wheel on the element which is a func-
tion of time due of the vehicle movement.

By applying the new formula for vertical contact forces (Eq.
(16)) in the method developed by Azimi et al. [14] the new formu-
lation for VBI element considering the effect of acceleration is ob-
tained. After relating the contact forces to nodal forces in Eq. (17),



Fig. 5. Flowchart for the time-history dynamic VBI analysis.
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it is required to relate the displacement of the contact point to
those of the nodal ones. For a 6-DOF beam element shown in
Fig. 4, in order to obtain contact displacement dc from nodal dis-
placement vector db, an interpolation function Nvr

c is used:

dc ¼ ðNvr
c Þ

T db ð18Þ

where the interpolation function Nvr
c is determined using Hermitian

cubic polynomials including the effect of the rotational DOFs in
addition to the vertical DOFs. Also, the superscript T stands for
the transpose of the matrix within the parentheses shown. By tak-
ing derivative of Eq. (18) with respect to time and using the chain
rule, the velocity of the contact point is obtained:

_dc ¼
dðNvr

c Þ
T

dt
db þ ðNvr

c Þ
T _db ð19Þ

Similar to Nv
c and Nh

c , Nvr
c is a function of x, the location of the

wheel, which by itself is a function of time; therefore:

dðNvr
c Þ

T

dt
¼ dðNvr

c Þ
T

dx
� dx

dt
¼ ðNvr

c Þ
T
;x � v ð20Þ

where the comma denotes the differentiation with respect to the
coordinates specified, and v is the vehicle velocity. Hence,

_dc ¼ vðNvr
c Þ

T
;xdb þ ðNvr

c Þ
T _db ð21Þ

Similarly, the second derivative of the contact point is obtained as:

€dc ¼ ðNvr
c Þ

T €db þ 2vðNvr
c Þ

T
;x

_db þ ðv2ðNvr
c Þ

T
;xx þ aðNvr

c Þ
T
;xÞdb ð22Þ

The last step is to obtain the VBI element equation of motion. In
general, the beam element that is directly in contact with travers-
ing wheels (i.e. VBI element) can be written as [14]:

mbi
€dbi;tþDt þ cbi

_dbi;tþDt þ kbidbi;tþDt ¼ fbi;tþDt þ fbci;tþDt ð23Þ

where mbi, cbi, and kbi are the ith VBI element mass, damping, and
stiffness matrices, respectively. In addition, the vector dbi and its
derivatives are due to nodal displacements of the corresponding
VBI element, fbci represents the nodal forces induced by contact
forces according to Eq. (17), and finally fbi includes the effect of
other external nodal forces that may be applied on the VBI element
regardless of the moving vehicle.

If one substitutes fbci of Eq. (17) into Eq. (23) and also applies Eq.
(16) in Eq. (17) considering Eqs. (18), (21), and (22), the new VBI
element equation of motion is formulated as:

mbi
€dbi;tþDt þ cbi

_dbi;tþDt þ kbidbi;tþDt

¼ fbi;tþDt �
Xn

j¼1

m̂�
cij

€dbj þ ĉ�cij
_dbj þ k̂�cijdbj

� �
� p̂�ci;tþDt � q̂�ci;t ð24Þ

where matrices with an asterisk incorporate the effect of the vehicle
contact forces for the VBI element,

m̂�
cij ¼ Nh

cili þ Nv
ci

� �
m̂cijðNvr

cj Þ
T ð25aÞ

ĉ�cij ¼ Nh
cili þ Nv

ci

� �
2v � m̂cij Nvr

cj

� �T

;x
þ ĉcijðNvr

cj Þ
T

� 	
ð25bÞ

k̂�cij ¼ Nh
ciliþNv

ci

� �
v2� m̂cij Nvr

cj

� �T

;xx
þ a� m̂cijþv� ĉcij

 �

Nvr
cj

� �T

;x
þ k̂cij Nvr

cj

� �T
� 	

ð25cÞ

and the equivalent nodal loads are:

p̂�ci;tþDt ¼ Nh
cili þ Nv

ci

� �
p̂ci;tþDt ð26aÞ

q̂�ci;t ¼ Nh
cili þ Nv

ci

� �
q̂ci;t ð26bÞ
Eqs. (24)–(26) are the new formulations for VBI element incorporat-
ing the effect of vehicle sudden deceleration on the vehicle and
bridge responses. Knowing the asterisk matrices for the proposed
VBI element, the structural properties (mass, damping, and stiff-
ness) of the bridge can be assembled and updated in each time
increment to solve the whole bridge equation of motion. Damping
matrix is calculated by Rayleigh method using a linear relationship
between mass and stiffness damping [13]. It should be mentioned
that, since unconditionally-stable Newmark-b method with con-
stant acceleration in each time increment is used, the vehicle accel-
eration a in Eq. (25c) is calculated at the beginning of each time
increment using Eq. (6). The flowchart for the step-by-step numer-
ical procedure to analyze a bridge traversed by a moving vehicle
with sudden deceleration is shown in Fig. 5.
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5. Limitations and assumptions

The suspension units (dashpots and springs) of vehicle models
used in the development of VBI elements will be assumed to retain
linear properties. Majority of the vehicle models used by research-
ers in the analysis of bridge dynamics represented suspension sys-
tems using linear models. This is particularly common in the VBI
analysis using vehicle models with dozens of DOFs, such as those
used in the modeling of high-speed trains. However, there are
few studies that adopted nonlinear properties (e.g. [9]). In addition,
the effects of road roughness or track irregularities are not in-
cluded in the proposed model. These effects could be added to
the proposed formulation as a subject of future studies.

In the presence of vehicle horizontal acceleration, the formula-
tion can be written based on either acceleration or friction coeffi-
cient. Since the sudden braking of vehicles with sliding is
considered in this paper, the Coulomb kinetic friction can be used.
Therefore, the contact forces are formulated based on friction coef-
ficient, whose effect is incorporated in the so-called acceleration
parameter shown in Eq. (15). In other cases where no pure sliding
occurs, it is very difficult to specify the friction coefficients of the
system. Many simplifying models have been proposed to include
friction in multibody dynamic systems [22]. However, the devel-
oped VBI element can be used in such cases if an approximate re-
sponse is desired.

6. Numerical verification

In order to perform the time-history analysis of the vehicle–
bridge interaction, a computer program was written in MATLAB�

[19] using the formulations developed in this paper. Since there
were no models available in literature that presents the numerical
solution for bridge–vehicle dynamic of vehicles with sudden decel-
eration including sliding, the developed formulation was first ver-
ified by a model having a vehicle with constant velocity, and then
the effect of incorporating acceleration into the model is studied. In
order to carry out the verification, vehicle horizontal acceleration
was substituted with zero. The numerical verification is mainly
done to verify the developed module written using MATLAB�.
Hence, a half-car planar vehicle model used by Esmailzadeh and
Jalili [23] shown in Fig. 6 is used. Each tire is modeled by a
spring-dashpot under the wheel. The tire DOFs are in direct contact
with the bridge without any mass. In the original study [23], no
DOF was considered for tires; their effects were included in a for-
mulation developed. In their model, there were a total of 6-DOF
used for the vehicle model. However, two extra DOFs with zero
mass are required in the locations of tires (see Fig. 6), to include
the tire stiffness and damping in the vehicle model of this study.
The bridge properties are: length L = 100 m, Young’s modulus
kp1

k2 c2

mt2

r6

kt2 ct2r8

k1 c1

mt1

r5

kt1 ct1r7

r1

ms J,Vehicle Body v
a

b2

d1

Passengers Driver

mp2

b1

r4
r3

mp1

cp1kp2 cp2

r2

d2

Fig. 6. A half-car planar vehicle model (adapted from [23]).
E = 207 GPa, moment of inertia I = 0.174 m4, damping
c = 1750 N s/m, and mass per unit length q = 20 ton/m. The vehicle
properties are tabulated in Table 1.

To formulate the acceleration parameter z, required for the
developed VBI element, vehicle characteristic matrices Uw, Uu

and X need to be specified. Following the flowchart illustrated in
Fig. 3, the geometry matrix Uu for upper DOFs is obtained as:

Uu ¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
h1 h1 h2 h2 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775

ð27Þ

while Uw due to tire DOFs is a 2 � 6 zero matrix. Then, using equi-
librium equations of horizontal forces, the dimensionless matrix of
equilibrium X is obtained,

X ¼

mp1
Mt

mp1
Mt

mp2
Mt

mp2
Mt

1� mw1
Mt

�mw1
Mt

�mw2
Mt

1� mw2
Mt

1 0
0 1

2
6666666664

3
7777777775

ð28Þ

In addition, vehicle stiffness matrices and the vector of self-
weight are given in Appendix A. Then, the time-history analysis
of the vehicle–bridge interaction is performed using the developed
computer program for three constant velocities of 56, 72, and
88 km/h. Midspan deflection is shown in Fig 7, and driver bouncing
in Fig. 8 illustrating very close results confirming the validity of the
VBI element developed.

7. Numerical examples

In order to demonstrate the capability, versatility, and signifi-
cance of the new VBI element, two examples are studied. The first
example is a simple beam subjected to a moving rigid beam model
supported by two identical spring-dashpot units. The second
example is an open-deck plate-girder railway bridge with a sim-
ply-supported span traversed by a 4-axle train model. The bridge
midspan deflection and acceleration are calculated as bridge re-
sponses. The bridge midspan deflection is a governing response
in the calculation of the dynamic amplification factor or the bridge
impact factor; and the bridge midspan acceleration is a criterion
used to verify the stability of track in high-speed railways. As for
vehicle responses, vehicle vertical acceleration is obtained, as it is
an important criterion concerning passenger comfort in the design
of high-speed railway bridges.

7.1. Rigid beam model traversing a simple beam

A rigid beam comprised of two DOFs supported by two wheels
is the first example which is the same as the vehicle model shown
Table 1
Properties of the half-car planar vehicle model (adapted from [23]).

ms 1794.4 (kg) k1 66824.4 (N/m)
mt1 87.15 (kg) k2 18615.0 (N/m)
mt2 140.4 (kg) kt1 = kt2 101,115 (N/m)
mp1 = mp2 75 (kg) kp1 = kp2 14,000 (N/m)
J 3443.1 (kg m2) C1 1190 (N s/m)
b1 1.271 (m) C2 1000 (N s/m)
b2 1.716 (m) ct1 = ct2 14.6 (N s/m)
d1 0.481 (m) Cp1 50.2 (N s/m)
d2 1.313 (m) CP2 62.1 (N s/m)
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in Fig. 1. This model was used by Yang and Wu [12]. Bridge prop-
erties are: Young’s modulus E = 2.943 GPa, Poisson’s ratio m = 0.2,
moment of inertia I = 8.65 m4, mass per unit length q = 36 ton/m,
and beam length L = 30 m. The moving beam properties are:
sprung mass mc = 540 ton, wheel masses are neglected as zero,
rotary mass Ic = 13,800 ton m2, and suspension spring constant
kv1 = kv2 = 41,350 kN/m. No damping is included in the system. Half
wheel distance d1 = d2 = 7.5 m. The length of each Euler–Bernoulli
bridge elements is 3 m. Vehicle characteristic matrices required
for the calculation of acceleration parameter z are presented in
Eqs. (5) and (7). Finally, the VBI analysis is conducted and the
results are compared with those presented by Yang and Wu [12]
in the two following sub-sections.

7.1.1. Vehicle responses and discussions
The first response to be studied is the vertical contact forces.

The proposed VBI element can predict the fluctuation in the verti-
cal contact forces caused by the rotary or pitching moment. This
moment is generated from horizontal vehicle acceleration as dis-
cussed in Section 2. Results of vertical contact forces for front
and rear wheels are shown in Figs. 9 and 10, respectively. The
forces are normalized with respect to the static vertical contact
forces. As expected, at the beginning of braking, the contact force
of the front wheel increases and the rear wheel decreases due to
the rotary moment. After which, the vehicle experiences the oscil-
lations exerted by the rotary moment resulting in a pitching move-
ment with alterations in the vertical contact forces. A comparison
between results obtained from the two models demonstrates
significant differences in contact forces. For instance, considering
the front wheel of the vehicle with the initial speed of 100 m/s
and the initial deceleration of �20 m/s2, the new model results in
42% increase, while Yang and Wu [12] model shows only 10% in-
crease. There are two main reasons for the differences between
the results obtained from the new element with those presented
by Yang and Wu [12]. The first reason is attributed to the effect
of rotary moments which are added in the current model, and
the second reason is that the vehicle horizontal acceleration is con-
stant in the model of Yang and Wu [12]. Despite the friction coef-
ficient is constant in the new VBI element, it does not necessarily
imply that the vehicle horizontal acceleration is constant. It should
be noted that the friction coefficient required for the analysis of the
new VBI element is obtained from the ratio of the initial accelera-
tion (i.e. 10 or 20 m/s2) over the gravitational acceleration.

Since friction coefficients are constant for this model, altera-
tions in the vertical contact forces, considering Eq. (6), may intro-
duce alterations in vehicle horizontal acceleration. Fig. 11 shows
the vehicle horizontal deceleration resulting from variation in ver-
tical contact forces. The figure is in the normalized form where the
horizontal deceleration was divided by corresponding l � g value,
where l is the friction coefficient and g is the gravitational accel-
eration. The vehicle deceleration for the Yang and Wu [12] model
is constant which is the line of normal deceleration equal to unity
in Fig. 11.
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Fig. 11 demonstrates that in addition to the vehicle horizontal
deceleration, the vehicle initial speed is also important. The response
pattern of the vehicles with 50 and 100 m/s and �10 m/s2 are com-
pletely different; however for the vehicles with the same vehicle
velocity of 100 m/s the response pattern is similar. As shown in
Fig. 11, the vehicle experiences up to 10.5% increase in the horizontal
vehicle deceleration for the case of 100 m/s and�20 m/s2. However,
for another case of 50 m/s and�10 m/s2 the increase is only 3.5%. It
also can be concluded that the variation in the horizontal decelera-
tion is much less than vertical contact forces comparing the percent-
age of increases in Fig. 11 with those in Figs. 9 and 10.

Less change in horizontal deceleration is attributed to the fact
that when one wheel is experiencing higher contact forces the
other one has an inverse behavior. To explain these differences,
the vertical contact forces of this simple symmetric vehicle can
be simulated with three components. As shown in Fig. 12, these
three components are (A) two equal static forces F1; (B) equal
but reverse couple F2 resulting from the vehicle pitching moments
and also rotary moments caused by horizontal deceleration; and fi-
nally, (C) components of two equal forces F3 corresponding to the
vehicle vertical solid bouncing with no pitching. All the previous
contact forces in each component category are equal due to the
symmetry in the vehicle model.

Considering only component (A), assuming that there are no
pitching and bouncing effects (e.g. two small moving mass models
on a very stiff and even surface); if this model experiences braking,
there would be no changes in the total contact forces of 2F1, hence
the horizontal acceleration will remain constant. Moreover, com-
ponents (A) and (B) together correspond to the vehicle model mov-
ing on a very stiff and even surface. If this vehicle experiences
horizontal acceleration, only one rotary moment will be present
and no solid vertical bouncing will appear. Since the forces in the
components (B) are the same but in the reverse direction, the total
contact forces in this case is also constant equal to 2F1; therefore,
the horizontal acceleration remains constant, as well. Finally,
Static

F1
F2

θ

F1 F2

y

F3 F3

(A) (B) (C)
Fig. 12. Simplified illustration of the vehicle model dynamics.
consider all components together which corresponds to the vehicle
model moving on a bridge or a non-stiff or uneven surface. In this
case due to the vertical movement of wheels, the car body will also
bounce vertically producing vertical acceleration in the car body.
Since these two forces are in the same direction, the total contact
force in this case is 2F1 + 2F3 which is different from 2F1 and will
result in alteration in the horizontal acceleration.

Regarding the free body diagrams of vehicle model shown in
Fig. 2, consider only those equilibrium equations due to vertical
bouncing of the vehicle (Eq. (1b) and Eq. (2b)) rewritten as follows:

DV1 þ SPw1 �mw1€r3 ¼ 0; DV2 þ SPw2 �mw2€r4 ¼ 0 ð29aÞ

SPw1 þ SPw2 þmc€r1 ¼ 0 ð29bÞ

where DVi are due to changes in the vertical contact forces caused
by vehicle vertical bouncing. Omitting suspension forces SPw, the
alteration in the total contact force DV of the vehicle is obtained,

DV ¼ DV1 þ DV2 ¼ mw1€r3 þmw2€r4 þmc€r1 ð30Þ

Since the wheel masses are neglected in this model and they are
set to zero, DV will only be equal to mc€r1. This implies that, for this
particular example, the variation of the total vertical contact forces
are linearly related to vehicle vertical acceleration; consequently,
the vehicle horizontal acceleration is linearly related to the vehicle
vertical acceleration. This can be confirmed from a comparison of
Fig. 12 with results obtained for vehicle vertical acceleration pre-
sented in Fig. 13.

7.1.2. Bridge responses
Midspan deflection for various vehicle speeds and accelerations

is shown in Fig. 14. Using the new VBI element, the midspan deflec-
tion rapidly increases due to higher front wheel contact forces. Dif-
ferences of the new VBI element and Yang and Wu [12] model can
reach up to 40% for vehicle initial velocity of 100 m/s and initial
deceleration of�20 m/s2. One reason of such increase is the distance
between wheels compared with the bridge span, which is about half
of the bridge span. By decreasing the ratio of wheel spacing over the
bridge span, the effect of the alteration in vertical contact forces on
the bridge midspan deflection decreases since front and rear wheels
will further counteract the effect of each other.

Another important parameter is the bridge midspan accelera-
tion which is essential in the design of nonstructural components
installed on the bridge or for the stability design of the ballast of
the ballasted railway bridges for high-speed railways. The bridge
midspan acceleration is shown in Fig. 15 for rigid beam model. De-
spite the significant differences between vertical contact forces ob-
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tained by Yang and Wu [12] and the proposed element shown in
Figs. 9 and 10, the bridge midspan accelerations are much closer.
The comparison of results obtained from the proposed element
for the initial velocity of 50 and 100 m/s and initial horizontal
acceleration of �10 and �20 m/s2, implies that the effect of vehicle
velocity is much higher than vehicle horizontal deceleration. How-
ever, the effect of vehicle horizontal deceleration may not be
neglected.

7.2. A train model of 10-DOFs

In order to study the vehicle–bridge interaction of a train model
experiencing sudden braking, a model comprising four axels, two
bogies and a car body is considered as shown in Fig. 16. Notations
are similar to those in Fig. 2. Following the generalized procedure
of formulation of acceleration forces shown in Fig. 3, the geometry
matrix Uu for the upper part or non-contact DOFs is obtained as:

Uu ¼

0 0 0 0 0 0
�h1 �h1 0 0 0 0

0 0 0 0 0 0
�h2 0 �h3 �h3 0 0

0 0 0 0 0 0
0 �h2 0 0 �h3 �h3

2
666666664

3
777777775

ð31Þ

where h1 is the vertical distance between car body’s center of grav-
ity and horizontal internal forces interlocking between car body and
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Fig. 15. Bridge midspan acceleration of the rigid beam model.
bogies. Those internal forces have a vertical distance of h2 from cen-
ter of gravity of bogies. Furthermore, h3 is the vertical spacing be-
tween center of gravity of bogies and internal horizontal forces
connecting bogies to wheels. In contrast to Uu, the matrix Uw

due to wheel DOFs is a 4 � 6 zero matrix. Finally, following the
flowchart of Fig. 3, the dimensionless equilibrium matrix X is
determined,

X ¼

1� A1 1� A1 �A1 �A1

�A2 �A2 1� A2 1� A2

1� mw1
Mt

�mw1
Mt

�mw1
Mt

�mw1
Mt

�mw2
Mt

1� mw2
Mt

�mw2
Mt

�mw2
Mt

�mw3
Mt

�mw3
Mt

1� mw3
Mt

�mw3
Mt

�mw4
Mt

�mw4
Mt

�mw4
Mt

1� mw4
Mt

2
6666666664

3
7777777775

ð32Þ

where A1 ¼ mw1þmw2þmb1
Mt

and A2 ¼ mw3þmw4þmb2
Mt

, and also Mt is the total
vehicle mass.

The associated properties of the vehicle model are tabulated in
Table 2 obtained from a 3D high-speed train of SKS series 300 mod-
el reported by Wu et al. [21]. Required vehicle stiffness matrices for
numerical analysis using the new VBI element are given in Appen-
dix A. The bridge model is a railway bridge reported by Foutch et al.
[24], which is an open-deck plate-girder railway bridge with a sim-
ply-supported span of 15.24 m. The cross sectional area is
0.12684 m2 and mass per unit length is 1428.64 kg/m. The mo-
ment of inertia is calculated as 0.05411 m4 based on the drawings
available in the report. In addition, other required bridge proper-
ties are assumed: Young’s modulus E = 200 GPa, damping ratio
2%, and Poisson’s ratio 0.3. The dynamic interaction between the
train model and the bridge were then undertaken according to
the flowchart of Fig. 5, and the results are discussed in the follow-
ing sub-sections.

7.2.1. Contact forces
The vertical contact forces for all wheels are shown in Fig. 17 for

vehicle initial speeds of 50 and 100 m/s. Considering the vehicle
model of Fig. 16, the vehicle wheels are numbered from right to left,
where the first one at right is the first wheel and the last one at the
very left is the fourth wheel. These designations are used in Fig. 17.
The friction coefficient of l = 0.1 and 0.7 are used here representing
two extreme cases of braking situations. The value of 0.7 for friction
coefficient is extremely high and is the highest value reported by
Olofsson and Telliskivi [25]. They concluded that, the friction coeffi-
cient varies between 0.5 and 0.6 for pure non-lubricated sliding tests
which can reach 0.7 in some cases. If the rail is lubricated, the friction
coefficient reduced to values between 0.2 and 0.4.

Significant variations in the contact forces are observed for all
vehicle speeds shown in Fig. 17. The maximum contact force in
each case is affected slightly by the vehicle velocity and it is more
a function of friction coefficient. The first and second wheels are
r1
r2

r5r6
r3r4

r10 r9 r8 r7

kv2 cv2

kw4 cw4 kw3 cw3 kw2 cw2

kv1 cv1

kw1 cw1

mb1 Ib1
,

Car Body

Bogie 1

mw4 mw3d4 d3

l2

d2 d1

l1

mw2

mc Ic
,v

a

Bogie 2

mw1

mb2 Ib2
,

Fig. 16. Four-axle model of one car of a train.



Table 2
Properties of the train model [21].

mc 41.75 (ton)
mb1 = mb2 3.04 (ton)
mw1 = mw2 = mw3 = mw4 1.78 (ton)
Ic 2080 (ton m2)
Ib1 = Ib2 3.93 (ton m2)
kv1 = kv2 1180 (kN/m)
kw1 = kw2 = kw3 = kw4 530 (kN/m)
cv1 = cv2 39.2 (kN s/m)
cw1 = cw2 = cw3 = cw4 90.2 (kN s/m)
l1 = l2 8.75 (m)
d1 = d2 = d3 = d4 1.25 (m)
h1 0.75 (m)
h2 0.42 (m)
h3 0.20 (m)

-2

-1.5

-1

-0.5

0

0.5

1

0 5 10 15 20 25 30 35

M
id

sp
an

 D
ef

le
ct

io
n 

(m
m

)

First Wheel Location (m)

v=50 m/s,
v=50 m/s,
v=100 m/s,
v=100 m/s,
Static Response

μ = 0.7
μ = 0.1

μ = 0.7
μ = 0.1

Fig. 18. Midspan deflection of the train model.

H. Azimi et al. / Engineering Structures 49 (2013) 792–805 801
under bogie 1 and the other two wheels are under bogie 2 shown
in Fig. 16. Due to the pitching moment on bogie 1, the first wheel
experiences growth in the contact force and the other wheel is vice
versa. Similar behavior is observed for the third and the forth
wheel under bogie 2.
7.2.2. Bridge midspan deflection
The bridge midspan deflection is shown in Fig. 18 for vehicle

initial speed of 50 and 100 m/s. Results for all cases are close. It
is usually expected to have a direct relationship between the ex-
erted forces on the bridge and the amount of resulting deflection.
However, as shown in Fig. 17, significant fluctuations in contact
forces are observed for all wheels with no exception; but the max-
imum midspan deflections for all cases are only slightly different.
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Fig. 17. Ratio of vertical contact forces over
The reason is attributed to the spacing of the forces and how they
are applied on the bridge. The spacing between the first wheel and
the second wheel is 2.5 m. Therefore compared to the bridge length
which is 15.24 m, the first and second wheels are relatively close to
each other. Although the contact force in the first wheel is growing,
it is decreasing in the second wheel. Hence, the resultant force var-
ies much less than an individual wheel.

Results for the summation of the vertical contact forces for the
first and last two wheels are shown in Fig. 19 for the vehicle initial
0.5

0.6

0.7

0.8

0.9

1

1.1

V
er

tic
al

 C
on

ta
ct

 F
or

ce
 R

at
io

First Wheel Location (m)

(b) Second Wheel

0.5

0.6

0.7

0.8

0.9

1

1.1

0 5 10 15 20 25 30 35

0 5 10 15 20 25 30 35

V
er

tic
al

 C
on

ta
ct

 F
or

ce
 R

at
io

First Wheel Location (m)

(d) Forth Wheel

static contact forces of the train model.
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speed of 50 m/s. For two wheels under bogie 1 (i.e. the first and
second wheels) shown in Fig. 19, the increase in contact forces is
only around 7% and for the bogie 2, the decrease is around 10%.
Main reason of these alterations is the pitching moment exerting
on the vehicle body itself. The vehicle body pitching moment is re-
sisted by the inertial effect of the vehicle body rotary inertia and
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two vertical spring-dampers supporting the vehicle body.
Although, the amount of the pitching moment is larger compared
to that for the two bogies, the rotary inertia of the car body is much
higher than bogies; consequently, the pitching of the car body is
much less than that for bogies shown in Fig. 20. Another reason
of these changes shown in Fig. 19 is the bouncing of the car body
and also bogies.

7.2.3. Vehicle horizontal deceleration
Vehicle horizontal deceleration is depicted in Fig. 21 for two

levels of vehicle speeds and two levels of friction coefficients.
The deceleration is obtained using Eq. (6) for each friction coeffi-
cient of 0.1 and 0.7. In addition to the friction coefficients that
are constant for each analysis, the total vehicle mass Mt is also con-
stant throughout the analysis; therefore considering Eq. (6) and as
discussed before, the vehicle horizontal acceleration or decelera-
tion is a function of summation of all vertical contact forces which
does not change noticeably. As shown in Fig. 21, the maximum
change in the horizontal deceleration is almost 2% which is very
low and will not be felt by the passengers sitting on the train.

7.2.4. Bridge midspan acceleration
The bridge midspan acceleration is demonstrated in Fig. 22 for

two vehicle initial speeds of 50 m/s and 100 m/s. For the stability
of ballasted or non-ballasted tracks of high-speed railways, EN
1990/A2 [26] sets limits of 0.35 g and 0.5 g respectively, where g
is the gravitational acceleration. As shown in Fig. 22, the peak mid-
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span acceleration of both cases is about 3.5 m/s2 which is less than
the specified limit of 0.5 g for open-deck railway bridges. Similar to
the rigid beam model, the vehicle velocity plays a governing role
on the midspan acceleration shown in Fig. 22, not the vehicle hor-
izontal deceleration.
7.2.5. Hinge support reaction
Fig. 23 shows the hinge support vertical reaction which is not

affected noticeably by the severity of braking, and the peak values
are only 5% different. The response can be divided into two parts in
Fig. 23; the first part from zero to 18 m and the second part from
18 m to 35 m. The first part is basically the response due to the first
two wheels and the second part is due to the last two wheels. Since
the fluctuations of the last two wheels are more than the first two
wheels shown in Fig. 19, the second part of Fig. 23 demonstrates
more differences between l = 0.1 and 0.7 compared to the first part
of the figure. Furthermore, the peak values of the hinge support
reaction for initial speed of 50 m/s are 10% different in the second
part of Fig. 23 which may be considered in the design practices.
8. Summary and conclusions

In this study, a numerical VBI (vehicle–bridge interaction) ele-
ment for the calculation of VBI problems that accounts for vehicles
experiencing sudden deceleration with sliding is proposed. A key
step was to numerically formulate acceleration forces based on
vertical contact forces. Acceleration forces are those inertial forces
generated by horizontal vehicle acceleration in the considered
DOFs of the vehicle model. A new factor called acceleration param-
eter is introduced in the formulation of the vertical contact forces
simulating the effect of the horizontal acceleration and is constant
throughout the analysis convenient for numerical analysis. It rep-
resents the initial redistribution of vertical contact forces once
the horizontal deceleration is applied. It is not a diagonal matrix
and its determinant is equal to one. The general common formula-
tion for the proposed VBI element is kept similar to VBI elements
proposed by Azimi et al. [14] and Yang and Wu [12] for brevity
and easier comparison. Using this element, one can model varia-
tions in the vertical contact forces resulted from horizontal vehicle
acceleration, and can obtain various bridge and vehicle dynamic
responses.

The effect of the proposed VBI element was first studied for a
sample 4-DOF vehicle model called rigid beam model. The results
presented by Yang and Wu [12] were compared with those ob-
tained from new VBI element. Large differences were observed
for vertical contact forces, vehicle vertical acceleration, and also
bridge midspan deflection. The main reason is attributed to the
variation in the vertical contact forces due to pitching moment
which was included in the formulation of the new VBI model.
However, the effect of the new VBI element is not prominent for
bridge midspan acceleration.

Studying a train model of 10-DOF, having two levels of medium
and high braking situations, shows that the vertical contact forces
may be significantly affected and they can be modified by about
±50% for an extreme braking situation. This local effect could have
implications on the design of the rail/track structure. On the other
hand, such extreme braking situations have minor effect on the
mid-span deflection mainly due to the small arm between the
two wheels under each bogie compared to the bridge span. More-
over, the bridge midspan acceleration is affected mainly by the
vehicle velocity not the acceleration for this model, similar to rigid
beam model. In addition, the vehicle horizontal acceleration may
increase support reactions, which may be considered in the design
practice. For the studied train model, the support reaction was aug-
mented by 10%.
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Appendix A

Vehicle stiffness matrices and the vector of self-weight fwe for
two vehicle models are given in this appendix. Damping matrices
are constructed the same way that stiffness matrices are written,
and mass matrixes are written by diagonal matrices. Letter m de-
notes mass, k is for stiffness, c for damping, and g for gravitational
acceleration. Corresponding matrices for the half-car planar vehi-
cle model shown in Fig. 6 are as follows:
kuu ¼

kp1 0 �kp1 �kp1d1 0 0
0 kp2 kp2 kp2d2 0 0
�kp1 �kp2 kp1 þ kp2 þ k1 þ k2 kp1d1 � kp2d2 þ k1b1 � k2b2 �k1 �k2

�kp1d1 kp2d2 kp1d1 � kp2d2 þ k1b1 � k2b2 kp1d2
1 þ kp2d2

2 þ k1b2
1 þ k2b2

2 �k1b1 k2b2

0 0 �k1 �k1b1 k1 þ kt1 0
0 0 �k2 k2b2 0 k2 þ kt2

2
6666666664

3
7777777775

ðA:1aÞ
kwu ¼ ðkuwÞT ¼
0 0 0 0 �kt1 0
0 0 0 0 0 �kt2

� �
ðA:1bÞ

kww ¼
kt1 0
0 kt2

� �
ðA:1cÞ

fwe;tþDt ¼ �g

msb2þmp1ðd1þb2Þþmp2ðb2�d2Þ
b1þb2

þmt1

msb1þmp2ðd2þb1Þþmp1ðb1�d1Þ
b1þb2

þmt2

8<
:

9=
; ðA:2Þ

and for the train model shown in Fig. 16:
kuu ¼

kv1 þ kv2 kv2l2 � kv1l1 �kv1 0 �kv2 0
kv2l2 � kv1l1 kv1l2

1 þ kv2l2
2 kv1l1 0 �kv2l2 0

�kv1 kv1l1 kv1 þ kw1 þ kw2 kw2d2 � kw1d1 0 0
0 0 kw2d2 � kw1d1 kw1d2

1 þ kw2d2
2 0 0

�kv2 �kv2l2 0 0 kv2 þ kw3 þ kw4 kw4d4 � kw3d3

kw4d4 � kw3d3 kw3d2
3 þ kw4d2

4

2
666666664

3
777777775

ðA:3aÞ
0 0 �kw1 kw1d1 0 0
2
6

3
7

kwu ¼ ðkuwÞT ¼
0 0 �kw2 �kw2d2 0 0
0 0 0 0 �kw3 kw3d3

0 0 0 0 �kw4 �kw4d4

664 775 ðA:3bÞ

kww ¼

kw1 0 0 0
0 kw2 0 0
0 0 kw3 0
0 0 0 kw4

2
6664

3
7775 ðA:3cÞ

fwe;tþDt ¼ �g

mb1 þ l2
l1þl2

mc

� �
d2

d1þd2
þmw1

mb1 þ l2
l1þl2

mc

� �
d1

d1þd2
þmw2

mb2 þ l1
l1þl2

mc

� �
d4

d3þd4
þmw3

mb2 þ l1
l1þl2

mc

� �
d3

d3þd4
þmw4

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ðA:4Þ
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