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Abstract

- P.Vasilopoulos? - Yu-Shen Liu3

Based on nonequilibrium Green’s function method, we investigate spin-polarized transport properties of a side-gated double
quantum dot (DQD) system in the Coulomb blockade regime under a magnetic field and an electric or thermal bias. The
charge and spin currents oscillate frequently and can change sign upon varying gate voltage Vj; if the electric bias is spin—
dependent. Under a thermal bias, besides the charge- and spin-current oscillations with V{5, a pure spin current appears at
the electron—hole symmetry point. Importantly, its sign can be controlled by the magnetic field above a “critical” strength.
In addition, the charge- and spin-Seebeck coefficients oscillate nontrivially depending on V;, B, and the tunnel coupling.
Finally, we also study the spin-polarized transport properties of the DQD system effects under simultaneously applying an

electric and a thermal bias.

Keywords Double quantum dots - Electric and thermal bias - Charge and spin currents - Coulomb blockade - Charge- and

spin-Seebeck coefficients

Introduction

A quantum dot (QD) is a man-made sub-micron structure,
which consists of 10°~10° atoms and a comparable num-
ber of electrons. Its optical and electrical properties depend
strongly on its size. When two QDs are joined into complex
assemblies many opportunities are created for scientific dis-
coveries (Alivisatos 1996; van der Wiel et al. 2002). As a
result, QD systems have been widely investigated for many
years (Beenakker et al. 1991; Baltin et al. 1999; Torres et al.
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2003). The Kondo effect has been studied in both directly
and indirectly coupled QDs (Sergueev et al. 2002; Jiang et al.
2005; Georges and Meir1999; Biisser et al. 2000; Izumida
and Sakai 2000; Aono and Eto 2001; Dong and Lei 2002;
Aguado and Langreth 2000; Lopez et al. 2002; Jeong et al.
2001; Chen et al. 2004; Zhang et al. 2005; Craig et al. 2004;
Vavilov and Glazman 2005; Simon et al. 2005). QD molecu-
lar junctions have been predicted to exhibit strong thermal
power due to the breakdown of the Wiedemann—Franz law
and limited thermal conductance. It has been demonstrated
that they exhibit a larger Seebeck effect due to the violation
of the Wiedemann—Franz law and the weak phonon contri-
bution to the thermal conductance (Yang et al. 2014; Liu
et al. 2010, 2011; Hong et al. 2013; Zianni 2007; Liu and
Yang 2010; Gémez-Silva et al. 2012). Besides, it has been
found that Coulomb interaction might enhance the thermoe-
lectric effect in QDs (Liu et al. 2010). Sun et al. coupled dif-
ferent types of spin batteries to the same QD to generate spin
currents and found that dipolar batteries give results that
are similar to yet different from those of unipolar devices
(Wang et al. 2004). Hong et al. (2013) and Yang and Liu
(2013) generated pure spin currents in a double QD (DQD)
system by applying a thermal gradient to it in the presence
(Hong et al. 2013) or absence (Yang and Liu 2013) of the
intradot Coulomb interaction. Their results though are very
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limited with respect to the side-gated voltage V; (Yang and
Liu 2013) and an applied magnetic field B. Accordingly,
they missed the currents’ oscillatory structure versus V; and
the fact that the pure spin current does not change sign above
a tunnel-coupling-dependent threshold value of B. In addi-
tion, they have not evaluated the charge- and spin-Seebeck
coefficients and have not considered the case of an electric
and thermal bias applied simultaneously to the DQD.

In this work we couple a battery, or a spin-battery, and
an electrical and/or thermal bias to a side-gated, by a poten-
tial V5, DQD in the Coulomb blockade regime. We present
extensive results for the charge and spin currents as functions
of V5, magnetic field, and tunnel coupling. In particular, we
find that spin and charge currents can change sign under an
electric bias and a pure spin current under a thermal bias.
The latter changes sign above a tunnel-coupling-dependent
threshold value of the magnetic field B.

We organize the paper as follows. In section “Model”
we briefly describe the DQD system and introduce the non-
equilibrium Green’s function and some related formulas.
In section “Results and discussion” we present numerical
results for a DQD system subject to an electric or thermal
bias and evaluate the corresponding charge- and spin-See-
beck coefficients. We also present results for the case of
an electric and thermal bias applied simultaneously to the
DQD. A summary follows in section “Summary”.

Model

The system of the lead-DQD-lead in Fig. 1 can be described
by Hamiltonian.

[ _ AF A N oA
H= Z € pkC o Cpio T 2 tﬂk(dﬂacﬂ,«, +h.c)
pik.o PB.k,o

ai ~ Eoa N
+ ) ep,d) dy, + 7° D Aptigs + D 1.(d] dy, +h.c),
p.o po I
H

where 71, = =d d soand f = L, R represents the left and right
leads or dots. ¢ ko (¢ ﬂkg) and d (dﬂ(,) are the creation (anni-
hilation) operators for electrons in the g electrode and QD,
respectively, with spin index ¢ = +1 (1) or —1 (). Further,
€ g 1s the electronic energy, as a function of the wave vector
k in electrode f§ and €, the single-particle energy at the dots,
which is spin degenerate in the absence of a magnetic field
B. When such a field B is applied to the DQD device, we
have g5, = €5 — cep /2 with ey = 2upB the Zeeman splitting
energy. A side-gate voltage Vj shifts £;4, and we set
g; = €5 = V. The charging energy due to the intradot Cou-
lomb interaction is E_. The factors 75, and 7, are the tunnel
couplings and h.c. denotes the Hermitian conjugate term.
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Fig.1 A side-gated DQD coupled to a left (L) and a right (R) lead.
The corresponding chemical potentials and temperatures are u;, pg,
and T;, Ty, respectively. E_ is each dot’s charging energy and ¢, the
interdot tunnel coupling

We use the Green’s function method to take into account
the quantum coherence which can be neglected only in the
limit of weak contact coupling between the dots and the
electrodes (Beenakker et al. 1991; Baltin et al. 1999; Torres
et al. 2003). In terms of the nonequilibrium Green’s function
the electron spin-dependent current 7, is given by

I, =(1/2x) /de [f16(8) = frs ()] 7,(e), )

where  f5.(e) = 1/{expl(e — ug,)/kpTgl + 1} is the
Fermi-Dirac distribution of electrons in the § lead, ug,
the chemical potential, and T the temperature. The trans-
missionr(¢€) is given by 7_(g) = Tr[I“LGTRGa]U, G"(G?)
is the retarded (advanced) Green’s function of the DQD,
andT'y =27}, |l‘ﬂk|25(8 — &g the linewidth function. The
Green’s functions of the whole system are obtained from the
Dyson equation in the Keldysh formalism:

G'(e) = g'(e) + g'(O)X'G'(¢e), G=(e) = G'(e)Z"(e)G"(e),
3)
where g' is the retarded Green’s function of the isolated
DQD system without coupling to the leads and X', X< are
the self-energies. g' is obtained by the equation-of-motion
technique. Besides, the Hartree—Fock approximation is
used for the higher-order Green’s functions. It is reasonable
when the temperature of the system is higher than the Kondo

temperature (Haug and Jauho 2007). With e, = € — g5, and

g, =€—€5,.f=Rforf =L, =Lfor f =R, we have
r _ £2(62 - Ec)[£1 - Ec(l - <nﬂ6>)]
84p(€) = D , \
tule) — E(1 — (ngo)le, — E(L— (nz) D
8y = D) :
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where

D(e) = £,&5(¢, — E.) (e, — E,) — 12 [e; — E, (1 = (n;))]

le; = Ec (1 = (ng;))] ®)
r_if-Ty O <_Tithe O

() () o

The electron occupation number (ng) =

f de Im G;U(s) /2x in the # QD for spin ¢ and its opposite
6 can be calculated self-consistently.

In the linear response regime of a small voltage bias
AV and a small temperature difference AT between the
electrodes we expand Af = f; — f; in a Taylor series and
obtain I, = GyK, (u,, TVAV, + GyK,,(4,, T)AT/ eT with
G, = é* / h the conductance unit. The corresponding charge
(S.) and spin (S,) Seebeck coefficients, for an open circuit
I, =0, are given by S, = (S, +§,)/2and S, = (S; - S,)/2,
respectively, with

AV, 1 Ki,(4,.T) -
eT Ko, (u,,T)’

S, =— lim =
AT-0 AT
K,o(hp. T) = = [ de[0f (e, p5, T) [ O€l(€ = 1) 7,(6)
and v=0,1. At low temperatures the Mott formula
S, ~ —(zrzkéT/ 3e) r’g(ug)/ 7,(4,) applies and can be used
to obtain analytical results in simple cases.

Results and discussion

In the numerical calculations, we measure all energies in
units of I' = 0.1 eV and use the energy-independent or wide-
band approximation I'; = I'y, = I'= constant. The intradot
Coulomb interaction energy is set to E,=20I". The total
charge and spin currents are evaluated by I, = I; + I, and
Ig = I, — I, respectively.

Sign change of spin or charge current
under an electric or spin bias

In this subsection we fix the temperature kzT; = kzTy, =
0.1 I" and first consider the case in which the DQD is coupled
to a spin-independent normal battery with p;, = ;) =T
and ppy = pg, = —T.

The system is similar to two independent one-state sin-
gle-dots for weak 7. In Fig. 2a we plot the average occu-
pation number (n,,) versus the gate voltage V; for weak
inter-dot coupling 7, = 0.1T" and a magnetic field B such
that ez=3T". There appear two sets of single-dot curves
separated by the electric bias Ay = y; — pp = 2T". The two
dots are almost independent of each other. Their occupa-
tions depend on the Fermi energy and the temperature of
the electrodes. The energy states in dot § read approximately
Eggzeﬂ —oep/ 2+ nE,, withey = Vg, for n =0, 1 due to
the Coulomb blockade. A state gets occupied for EZU < g
or Vg < oeg/2 —nE, + uy; otherwise it is unoccupied.

Fig.2 Occupation number
(ng,) versus Vg atey = 3T for
at,=0.1Tandds, =5T.
(ng,) versus gz is shown in b
forVog=-10Tandz, =0.1T.
¢ Energy levels of each dot,
measured from V, for weak

t. = 0.1 I" in the four possible
spin-occupation (up, down)
configurations. The dashed (dot-
dashed) curve shows the chemi-

cal potentials of the left (right)
electrode. kzT; = kpTp =0.1T,
pup =T, and up = —T are

assumed

(0,0)

(1.0)

Q.1)

(1. 1) 30 -20 VSO 0 10
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There are four possible energy levels, i.e. Eg - Vg=-15,
E) —Vg =15 E; —V5 =185, and Ej — Vg =2151in
each dot. The occupation configuration of spin (up, down)
determines their levels as illustrated in Fig. 2c. The mag-
netic field breaks the spin symmetry and enhances greatly
the occupation number of spin-up electrons in the dots. This
Zeeman effect is sensitive when the chemical potential is
near the levels EZ,,’ corresponding to V; =% —E_ = —20 or
Vg = 0, but less sensitive when V; ~ —E /2 = —10. As a
result, when the Zeeman energy £ ;=3 I is small as indicated
in Fig. 2a, the configuration (1, 0) dominates with (n;,) ~ 1
and (ng ) ~ 0 showing strong spin polarization near
Vs = —20 or 0 but the configurations (0, 1) and (1, 0) appear
with almost equal probabilities with (ng;) = (n, ) ~ 0.5
showing negligible spin polarization at V5 = —10. The spin
polarization becomes significant even at V; = —10 when the
Zeeman energy is comparable to the Coulomb interaction,
i.e. g5 = 10T, and the probabilities of (0, 1) and (1, 0) differ
greatly at finite temperature as shown in Fig. 2b.

For large ¢, = 5T in Fig. 2d, the system becomes similar
to a single dot with two states. The difference of (n;,) in the
two QDs (in the same QD), with the same (opposite) spin
direction, vanishes (weakens). Each peak or step in the (n;,)
-versus-V; curve splits due to the split of the energy levels
in the system.

In Fig. 3a we plot the charge and spin currents as func-
tions of V;; in the presence of a magnetic field with e;,=3T"
fort, = 5. As shown, both currents exhibit an oscillatory
structure for large negative and small positive values of

Vi and attain considerable values away from a “plateau”
region in the range —15T < V; < =5T. This spin current
though changes its sign upon varying V(;. All these changes
can be understood in terms of the up and down currents
plotted in panels (b) and (c) for different .. Further confir-
mation comes from panel (d) in which the spin-up energy
levels are shown as functions of V5 forz, = 5T". The dark
bar denotes the transport window in which the electrons
contribute to the current due to the chemical potential dif-
ference between the leads and the thermal energy. Their
intersections with the energy levels correspond to the olive-
colored peaks shown in panel (b). The numerical result
indicates that the effective energy states in the system are
approximately EZi=sﬂ —oeg/2+nE . + AC,, 1 for A = +1
due to the inter-dot coupling. The inter-dot splitting is spin
dependent in the presence of a magnetic field, C,,, = C, for
(=D"¢ =1, and C,, = C_, for (-1)"¢ = —1. In Fig. 3 we
have C; = C_; = (0.04 X |V + 12.6| + 0.204).

Due to the spin polarization effect presented in Fig. 2a for
weak ¢, and small €, the spin-up (down) current is then sup-
pressed at V; = —E_ = =20 (V5 = 0) as shown in Fig. 3b, ¢
(Wang et al. 2004). However, the inter-dot coupling makes
the double-dot system qualitatively different from the one-
state, single-dot case: ¢, splits the two peaks of current for
both spins and recovers partially the spin symmetry. Then,
with reference to Fig. 3a we can see that the spin current will
change its sign when V{; is changed by a small amount. This
occurs because 7, modifies (1, ) as shown in Fig. 2d. Though
not shown, similar observations of sign change apply to the

Fig.3 a Charge current /, ver- T T ' \
sus Vi fort, =5 I'. b, ¢ Spin-up (@) — (b)
and spin-down currents, respec- 0154 [\ p o« ... 1
tively, versus V; for different ’ ,
tunnel couplings. d Shows the '
dot energy levels versus V; and - v 5 '
the horizontal dark bar denotes 0.00 ': ‘e [
the transport window. The \‘. R R
other parameters are e =3 T, P Ve
kgT; = kzTp = 0.1 T, and N o
u=T=—-pu i .
- 8 -0.15- N 1
1 1 L L 1 1 1 1 1 7 1 _02
d /
(d) /15
0.2 1
(=<
— " S0 ) |
0.0 /
v'/" 7
{ t=515
C
'02 T T T T T ; T T T T T
-30 -20 -10 0 10 -30 -20 vV -10 0 10
G G
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Fig.4 a Charge /. (solid curve) and spin /; (dashed curve) cur-
rent versus V. b I, and I versus V. ¢ Dot energy levels versus V.
The purple (beige) horizontal band indicates the energy range with
positive (negative) distribution difference f;, —f, in the transport
window. Here C; = 0.14 and C_; = 0.86. The other parameters are
ep=18T,1, =51, kgT; =T, kgTp =0.5T,and yi; = up =0

charge current in a DQD coupled to a symmetric dipolar spin
battery with p;; = up, = landuy = ug; = —1.

Pure spin current generated by a thermal bias

Wesetupy = pp) = ppy = pgy = 0,kpT, =T, kgTp =0.5T.
Foreyz = 18 I"and ¢, = 5 I in Fig. 4a we plot the total charge
and spin currents and in Fig. 4b the spin-up and spin-down
currents. The electron-hole symmetry pointisatV; = =10 T
(Hong et al. 2013). Due to the Coulomb blockade effect, the

Fig.5 a Spin current /

versus magnetic field energy

€5 = 0B/ 2 and tunnel coupling
1. but with fixed V; = =10 T,
kgT; =T, kyTp =0.5T, and
H; = pg = 0. b Spin current /,
versus Vs and magnetic field
energy £5. ¢ Cross sections of a
for different 7.. d Cross sections
of b for different

states and transmission spectra for spin-up electrons are the
mirror images of those for spin-down electrons with respect
totheenergy e, = Vg + Ec/2,ie.Ti(e,, — E) =T|(e,, + E).
On the other hand, the Fermi distribution difference
Af(e) = f1.(e,T;) — fr(e, Ty) between the two electrodes
is an antisymmetric function with respective to the Fermi
energy ep =0, that is, Af(ep —E) = —Af(eg + E). At
Vo =-10T we have ¢, = e =0 for E,;=20T" and the
spin-up/down currents are opposite to each other, i.e.,
I, = [Z dEAf(E)T(E) = — [* dEAf(E)T|(E) = I,
The total charge current vanishes and we have a pure spin
current. In addition, the (n;,) and I, versus V curves for
spin up are the rotational images of those for spin-down,
that is, (ny,)(Vg) —0.5=0.5—(ng)(—Ec — V5) and
1,(Vg) = =I;(=E- — V), as shown in Figs. 2 and 4b.

We now investigate the dependence of [, (i) on the mag-
netic field B and tunnel coupling ¢., for V5 = —-10T", and
(ii) on V; and B for fixed 7, = 9I'. The results for (i) are
shown in Fig. 5a and those for (ii) in Fig. 5b. Panels (c) and
(d) are cross sections of panels (a) and (b), respectively, for
three values of 7, and €. The oscillatory dependence of I
on the magnetic field B and especially on V is evident in (a)
and (b). In (a) the spin current attains one or two maxima,
depending on ¢, and then decreases with €5, as the cross
section in (c) confirms. Because of the aforementioned sym-
metry the charge current is always zero. Particularly interest-
ing is the fact that the pure spin current becomes negative
for e > 20T for all ¢, shown and remains so for larger €.
Thus, by changing the field B one can control the sign of the

0.016

0.008

0.02+

—%0.01

20 25 30 -40 -éO -20 -10 0 10 20
VG
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Fig.6 a Spin current /; versus 0.02F T T T ] -
tunnel coupling ¢, for differ- (a) e .. 0.02 1iiy
ent g but fixed Vg = —10T. I ST e i
b I versus V; for several ,./' <
tunnel couplings #, but fixed 1 Vs ‘-\_
ey = 18T. The other parameters U(,) 01} ’_," e 1 o
are: kgT; =1, kyTR =0.5T, :-I./’ 123 ‘\. 0.00 :
M =pp=0 W, % i
J T 15 \'\ ',1' i
0.00 o' 1|
i Y ;|
N i
; i
N i
~]  -0.02 T

0.0 25 5.0

spin current. Further, Fig. 5d shows clearly the oscillatory
dependence of I on V; for three magnetic field energies €.
Such an oscillatory dependence, obviously not periodic, is
absent in Refs. 15 and 21. It can be explained by a reasoning
similar to that used for Fig. 4b.

The dependence of I on ¢, is shown in Fig. 6a for different
magnetic field energies €, but fixed Vg = =101, kg7, =T,
kpTr = 0.5T, u; = pup = 0. As seen, the spin current attains
a maximum value and then slowly decreases with further
increase of 7.. As for the charge current, it always vanishes
because of the symmetry mentioned above. In Fig. 6b we
show I, versus V; for several tunnel couplings #,. Similar to

Fig.7 a, b Charge S, and spin
S, Seebeck coefficients versus
V and magnetic field energy €,
with fixedr, = 0.1 T, kzT =T,
u = 0. ¢, d are, respectively,
cross sections of a, b at different
€p as indicated. For these €5
panels e and f show the up (S;)
and down () components

\‘
o
—
S
o
1
N
o
N
o

Fig. 5b, such an oscillatory structure is absent from Refs.
15 and 21.

We now turn our attention to the charge S, and spin S
Seebeck coefficients. We plot them versus V5 and mag-
netic field energy €5, respectively, in Fig. 7a, b, for fixed
t,=0.1T,kgT =T, u = 0. Their oscillatory behavior with
V is prominent in both of them. Panels (c) and (d) are cross
sections of (a) and (b) at different £, as indicated. We notice
split peaks in the S, curve and up or down shifts of S as
€5 increases. We also notice that S, vanishes for e = 0.
This behavior of S, and S can be understood from the left
shift of §; and right shift of S| shown in panels (¢) and (f),
respectively.
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Fig.8 a Charge /. and b spin /; Seebeck coefficients versus V; for dif-
ferent tunnel couplings 7, but fixed ez =6, kT =T", u =0

An oscillatory structure similar to that of Fig. 7 is shown
in Fig. 8a, b where S, and S, are plotted versus V{; for dif-
ferent tunnel couplings f, but fixed g5 = 6T, k3T =T,
1 = 0. We see that the oscillatory behavior is modified as #,
increases but it is not as uniform as when €, does.

Charge and spin currents under an electric
and a thermal bias

Having considered the effect of each bias separately, one
wonders what would be the combined effect of both biases
applied simultaneously to the DQD. In Fig. 9a, b we plot,
respectively, the charge 7, and spin I current versus k7, and
pp forfixedey =31, =0.1T, kT, =0.5T, and p, = 0.
As seen, for nearly all values of y;, the magnitudes of both
I. and I are mostly zero at small k37, and increase rapidly
when k;T; becomes significantly larger than k;T,. Note I,
changes signs with y; at large kzTy.

Fig.9 a Charge I, and b spin
I, current versus kT, and p;
for fixedey, =31,7,=0.1T,
kpTr =0.5T,and up =0

We also plot I, in Fig. 10a, and I, in Fig. 10b, as func-
tions of V; and magnetic field energy €, for fixedt, = 5T,
kpT; =1, kyTp =0.1T, y, =T, anduy = —I". Cross sec-
tions of (a) and (b), at e5 = 3 T, are shown in Fig. 10c, d,
respectively, by the solid black curves; the other curves are
for different k5T, as indicated. Contrasting the results in (c)
and (d) with those of Figs. 2 and 4, where, respectively, only
an electric or thermal bias exists, one sees a rather significant
difference as kzT; increases. In particular, as kT, increases
we see a progressive disappearance of the “plateau” region
in Fig. 3 and an increase in the oscillation amplitude of I as
well as the appearance of a plateau-like region in [ at large
thermal bias.

Summary

We studied a side-gated double-quantum-dot (DQD) sys-
tem in the Coulomb blockade regime and in the presence
of a magnetic field B. In the limit of weak inter-dot tunnel
coupling 7., the system behaves similar to two independ-
ent, one-state dots. With the increase of 7., the degenerate
levels of the two dots split and this results to current oscil-
lations versus the side-gate voltage V5 for small positive or
large negative values of V;. The field B separates the current
spectrum of opposite spins and significantly modulates the
current oscillations. Under a normal electric bias the spin
current changes sign upon varying V; and so can the charge
current if a spin-dependent bias is applied.

Charge- and spin-current oscillations versus V; can also
result from a thermal bias VT'. In addition, VT can produce
a pure spin current at the electron-hole symmetry point.
Importantly, one can control the sign of this pure spin cur-
rent by applying a field B of value above a “critical” one
that depends on the tunnel coupling ¢,. The charge-Seebeck

1.5E-04
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Fig. 10 a Charge current [,

and b spin current /; versus Vg
and magnetic field energy €,
with fixedt, =51, kgT; =T,
kpTp =0.1T, y; =T, and

g = —T. ¢, d the solid black
curves are cross sections of a, b,
at 5 = 3 I'; the other curves are
for different kT, as indicated

S, and spin- Seebeck S, coefficients can then oscillate non-
trivially depending on the voltage V;, the tunnel coupling
t., and the field B.

Finally, we explored the effect of simultaneously apply-
ing an electric and a thermal bias to the DQD and pre-
sented some results for the charge /, and spin I currents
versus biases or V;. Relative to the single-bias case signifi-
cant changes occur in the results when the thermal bias is
strengthened, e.g., the oscillation amplitude of /, increases
and a plateau-like region in /  appears at large thermal bias.
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